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Abstract: We investigate the relation between instantons and monopoles in the 
Laplacian Abehan Gauge using analytical methods in the continuum. Our starting 
point is the fact that the 't Hooft instanton with its high symmetry leads to a 
pointlike defect with Hopf invariant one. In order to generalise this result we partly 
break the symmetry by a local perturbation. We find that for generic configurations 
near the 't Hooft instanton the defects become loops. The analytical results show 
explicitly that these defects are magnetic monopoles with unit charge. In addition, 
the monopoles are twisted to account for the instanton number of the background. 
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1. Introduction 

Topological objects are prominent examples of non-perturbative effects in quantum 
field theories. For Yang-Mills theories these are instantons, magnetic monopoles (and 
center vortices), respectively. While the first are intimately connected to the gauge 
invariant topological density and responsible for chiral symmetry breaking the 
others are visible only after an Abelian (center) gauge fixing 0, ^, ^ , and supposed 
to be responsible for confinement. Since both physical effects take place below the 
same critical temperature 0, a relation between instantons and monopoles is highly 
desirable but still not fully known. The first result in this direction is due to Rossi 
[^]: a static 't Hooft-Polyakov monopole can be built out of an array of instantons 
placed along the time axis. A similar construction exists for the caloron 0. 

To see how instantons are built from monopoles we take the point of view of 
Abehan projections (for a detailed prescription see [§]). An Abelian gauge is a partial 
gauge fixing leaving the maximal Abelian subgroup^ untouched. The needed gauge 
transformation is best described by the diagonalisation of an 'auxiliary Higgs field' 
in the adjoint representation. Defects occur where this field vanishes, i.e. the di- 
agonalisation becomes ambiguous. Since this means solving three equations, generic 
defects in four dimensions form lines. Moreover, the normalised Higgs field n = 4>/\(f)\ 
perpendicular to those lines generically is a hedgehog. It can be diagonalised only 
at the expense of introducing a singular gauge field, the Dirac monopole. By charge 
conservation defects form closed lines, i.e. loops. 

Topological arguments enforce the existence of defects for every configuration 
with non- vanishing instanton number on the four-sphere^. The topological properties 

^We will restrict ourselves to the gauge group SU{2), where the maximal Abelian subgroup is 
simply U{1) embedded in terms of diagonal matrices. 

^Such a strong statement does not hold for the four-torus as is plausible from the existence of 
Abelian instantons iSl. 
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of the defects necessary to generate an instanton number are highly non-trivial for 
general Abelian gauges [jlO[- However, the relation between instantons and static 
monopoles in the Polyakov gauge is well understood [O, O, O, |1^, |T5|, |16|, |17 . 



Much less is known analytically about defects in the Laplacian Abelian gauge 
(LAG) [|18], |T9|, The Higgs field of the LAG is defined as the lowest eigenvector 



of the gauge covariant Laplacian in the background of A, — D [A](j) = E^cf). The LAG 
has turned out to be 'very useful' on the lattice in the sense that it shares Abelian 
dominance with the Maximal Abelian Gauge (MAG) ||2l| but does not suffer from 
a severe Gribov problem Monopole loops have been observed for instanton 

backgrounds in the LAG by numerical means [p4| , A fully analytical treatment, 
however, is very difficult. So far it was only possible for the 't Hooft instanton [26 
(and the meron |^) which is highly symmetric and thus non-generic; the defect is 
degenerate to a point and localised at the instanton core (see below). 

The present work is the first step towards an analytical investigation of generic 
configurations in the LAG. By breaking the high symmetry, we show that for con- 
figurations near the 't Hooft instanton the defect manifold becomes a loop (even a 
circle, Section ||). Furthermore, the associated hedgehog is twisted once along the 
loop (the simplest possibility to account for the instanton number. Section As a 
by-product, the picture of Hopf defects as 'monopole loops with vanishing radius' is 
proven. 



2. From Hopf defects to monopole loops 



The ground state of the SU{2) covariant Laplacian in the background of a 't Hooft 
instanton in regular gauge is of the form [p^ . 



= f{r)nu, fir) 



^0 2 



:2.ii 



where nn is the standard Hopf map p8|, p9|, BO 



Tin = 



( 2{xiX'i + X2Xa) \ 
2{X2X^ — X1X4) 



X Q 



x1 j 



X, 



(2.2) 



This Higgs field vanishes quadratically^ at the instanton core - the origin - where 
a pointlike defect is located. We conjecture that this behaviour is not a feature of 
the particular Abelian gauge chosen, but rather a matter of symmetry. The 't Hooft 
instanton is spherically symmetric (in a proper definition involving gauge transfor- 
mations); hence any Abelian gauge which does not break the rotational symmetry 
5*0(4) enforces the Higgs field to be spherically symmetric as well. Monopole loops 

^being the projection in the Hopf bundle describing the Dirac monopole 
^in agreement with lattice simulations pl| 
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would break this symmetry, while pointlike defects (as well as defect manifolds) 
do not. 

On the other hand it is very easy to verify that the Higgs field (|2.2| ) has the 
right topological behaviour. Living in an associated bundle it must have the same 
boundary conditions^ as the gauge field, 

r — > cxD : A ^ igdg\ n^gconstg^ (2.3) 

For the instanton in regular gauge we have g = h = X4I2 + iXaCTa- It follows that 
n, being a mapping from (in coordinate space) to S*^ (in color space), must 
have a Hopf invariant equal to the instanton number (equal to the winding of h). 
TT-H = /i^ is just the prototype mapping with Hopf invariant one. 

Let us now slightly perturb the 't Hooft instanton, A = A[^st + ^SA, with per- 
turbation parameter A. The usual Schrodinger perturbation theory for the change of 
the groundstate, = 0inst + requires access to all eigenvalues and eigenfunctions 
of — D^[74inst]- These are not known analytically. But if perturbation theory is valid, 
the size of the defect manifold (i.e. the size of the expected monopole loop) is small. 
Therefore we can restrict ourselves to the vicinity of the origin. There we can Taylor 
expand S(f); for our purposes even the lowest order approximation is sufficient. Thus 
the Higgs field of a generic configuration A close to the instanton (in orbit space) 
and near the origin (in coordinate space) is (cf. (|2.1j )), 

= 0mst + = nn + const (2.4) 

where we have introduced a radius parameter R, since the Higgs field in our conven- 
tion is of dimension (length)^. 

Without loss of generality we specialise to a perturbation pointing in the third 
color direction. 



/0\ 

(P = r'^nn-R^ (2.5) 

v) 

all other cases can be obtained by rotations. A straightforward calculation shows 
that the zeros of (p are then on the circle C : xf + = R"^ , X3 = = 0. Its size 
scales with the perturbation parameter R = ^/X (see ( |2.4|) ). The perturbation has 
enlarged the defect manifold from a point to a loop, thereby breaking the spherical 
symmetry. Such a picture was conjectured in for instantons in the MAG, but 
there the formation of the loop is suppressed by the gauge fixing functional p3 |. 

Notice that the deformed Higgs field is now on a different orbit, since we 
changed its zeros which are gauge invariant. Its global properties, however, remain 
the same (as we will also see in the next section) because we performed only a local 
perturbation around the origin. 

^in the bundle language the same transition functions 
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3. Monopole charge and twist 



To proceed further we introduce polar angles for both coordinate space R'^, 

X = (ri2COSV9i2,ri2sinv?i2,r34COS(y934,r34sinv934), ri2 = rcos^9, r34 = rsin^9(3.1) 
and color space resp. S"^, 



n 



^ sin P cos a \ 
sin (3 sin a 

y cos (3 J 



(3.2) 



The Hopf map ( p.2|) is given by assigning 



"H = <^i2 - ¥^34, /^H = = arctan ^^^^^^^ (3.3) 

while the perturbation ( |2.5| ) corresponds to a deformation of f3, 

r2sin(2^9) 2ri2r34 
« = - ^34, (3 = arctan ^2,,,(2^)_^2 = -^^^ _ _ R2 (3-4) 

It turns out that this Higgs field perfectly agrees with the one considered in |10|] , 
(3 = 1^+ + tant9± = r34/(ri2 ± R). 

From Fig. it is obvious that both Higgs fields (|3.3| ) and ( p.4|) agree in their global 
(r — s> 00) properties. For the local properties of the new field it is important to notice 
that on the loop C both angles a and P are singular. In a vicinity perpendicular to 
the loop they take on all values a G [0, 27r], P G [0, n]. Put differently, the normalised 
field n is homotopic to the hegdehog: on any two-sphere perpendicular to the loop 
it covers the whole two-sphere in color space exactly once. Viewed as a mapping 




Figure 1: Lines of constant /? as a function of the two radial coordinates ri2 and r34 for 
the Hopf defect (left, cf. (^^)) and a monopole loop at ri2 = R, r34 = (right, essentially 
copied from |]32| , pX| ], cf. (3^))- In both cases the remaining polar angle is a = (pi2 — ^34- 
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n : S"^ ^ S"^ it has winding number one. From the 't Hooft-Polyakov monopole it is 
well-known that such a Higgs field cannot be diagonalised^ smoothly [^ . 

One may nevertheless diagonalise n by a singular gauge transformation; in this 
way the Dirac monopole appears in the gauge field. The relevant gauge transforma- 
tion is 

g = en<X3/2gi/3<72/2gm<X3/2 ^3 

The residual f/(l)-freedom (of rotations around the third color axis) is encoded in 7. 
We choose 

7 = V9i2 + V534 (3.6) 

for which g is singular on the disc D : ri2 < -R, = 0, spanned by the loop C . 

The gauge transformation ( p.5|) induces an inhomogeneous term, the Abelian 
part of which is 

a = {indn-^)3 = d7 + cos pda (3.7) 

One can easily compute the Abelian field strength, 

f^da = n + (3.8) 
f^^ = -sm(3d(3 Ada, (3.9) 
jsing = (1 _ cos (3) dV34 = 47r^(i? - ri2)(5(r34)dx3 A dx4 (3.10) 

The regular part f'^'^^ is just the Coulombic magnetic field, while the singular part 



ysing -g ^Yie set of all Dirac strings filling the disc D, called the Dirac sheet We 
use the latter to identify the monopoles as endpoints of Dirac strings. The magnetic 
current is, 

k = *dr'^s = ^^§^ri2 - R)6iru)dipi2 (3.11) 

The angle a not only depends on ^934 (which gives the hedgehog) but also on the 
world- line coordinate (pi2- This means that the monopole is 'twisted' ||36| once: the 



Higgs field n rotates once around the third axis in isospace while moving along the 



loop. Our Higgs field is such that the complicated relation in [10| reduces to 



Hopf invariant = magnetic charge x twist, 1 = 1x1. (3.12) 

Gradually 'switching off' the perturbation X6(j) one can see that a Hopf defect 
emerges when a twisted monopole loop is shrunk to vanishing radius. The Dirac 
sheet D degenerates to a point, too. Notice that the two-spheres used to measure 
the magnetic charge are incapable to detect the Hopf defect. Instead one has to pass 
to three-spheres surrounding a point in four dimensions. 

^or brought to 'unitary gauge' 
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4. Conclusions 



We have investigated the Laplacian Abehan Gauge in the vicinity of the 't Hooft 
instanton by means of Schrodinger perturbation theory. While the spherically sym- 
metric instanton is related to a pointlike defect, a generic (constant) perturbation 
induces a monopole loop with unit charge and twist (cf. ( |3.4|) and its interpretation). 
Together these topological quantities give rise to the Hopf invariant, which reflects the 
instanton number of the background gauge field. Extending the correlation between 
the defect manifold and the instanton core in the unperturbed case, the instanton 
density of the new background is supposed to be localised on a circle |3^. Our 
result implies that for isolated, highly symmetric instantons the monopole loops are 
very small. Such small loops could be missed in lattice simulations of the Abelian 
and monopole string tension. 

Since isolated instantons are not sufficient for confinement, the defects induced 
by them cannot be the whole story. Bringing more instantons and anti-instantons 



close to each other, monopole loops start to spread out ||32|, Percolation is 

achieved if there are monopole loops extending over the whole space-time as verified 
in lattice simulations [^, 0. Further analytic approaches are necessary to better 
understand this mechanism. 
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